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Learning	  objec*ves	  

•  Describe	  the	  basics	  ideas	  and	  methods	  of	  
robust	  op*miza*on	  

•  Describe	  examples	  in	  which	  robust	  
op*miza*on	  leads	  to	  a	  new	  quality	  of	  the	  
treatment	  plans	  (beDer	  than	  margins)	  
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Uncertain*es	  in	  Radia*on	  Therapy	  

•  Geometric,	  physical,	  technical	  
–  Pa*ent	  setup	  	  
–  Loca*on	  of	  tumor	  &	  inner	  organs	  (“mo*on”)	  
– Dose	  calcula*on	  
–  Beam	  delivery	  system	  

•  Biologic,	  clinical	  
– Volume	  defini*on	  (targets	  and	  OARs)	  
– Dose	  prescrip*on	  (uniform	  or	  dose	  pain*ng)	  
–  Tolerance	  dose	  
–  EUD,	  NTCP,	  TCP	  models	  (if	  used)	  
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Uncertainty	  and	  Mo*on	  

• Mo*on	  does	  not	  necessarily	  imply	  uncertainty	  
–  If	  mo*on	  is	  perfectly	  known,	  then	  there	  is	  no	  
uncertainty.	  This	  case	  is	  “easy”	  to	  deal	  with.	  

•  But,	  when	  there	  is	  mo*on	  (e.g.,	  breathing),	  
there	  are	  typically	  more	  poten*al	  sources	  of	  
uncertainty:	  	  
– Uncertain*es	  in	  the	  mo*on	  characteris*cs	  such	  as	  
frequency,	  amplitude,	  shape	  of	  trajectory,	  
irregularity	  of	  the	  mo*on.	  	  



Addi*onal	  uncertain*es	  in	  proton	  therapy:	  
Range	  uncertain.es	  
•  Differences	  between	  treatment	  prepara*on	  
and	  treatment	  delivery	  (~	  1	  cm)	  
– Daily	  setup	  varia*ons	  
–  Internal	  organ	  mo*on	  
– Anatomical/	  physiological	  changes	  during	  
treatment	  

•  Dose	  calcula*on	  errors	  (~	  3-‐5	  mm)	  
–  Conversion	  of	  CT	  number	  to	  stopping	  power	  
–  Inhomogenei*es,	  metallic	  implants	  
–  CT	  ar*facts	  

•  Biological	  effect	  uncertain*es	  



Jan	  08	  

Chen,	  Rosenthal,	  et	  al.,	  IJROBP	  48(3):339,	  2000	  

Proton	  range	  uncertain*es:	  
Range	  uncertain*es	  due	  to	  setup	  



Jan	  11	  

Chen,	  Rosenthal,	  et	  al.,	  IJROBP	  48(3):339,	  2000	  

Proton	  range	  uncertain*es:	  
Range	  uncertain*es	  due	  to	  setup	  



Proton	  range	  uncertain*es:	  
Tumor	  mo*on	  and	  shrinkage	  

S.	  Mori,	  G.	  Chen	  

Ini*al	  Planning	  CT	  
GTV	  115	  cc	  	  

5	  weeks	  later	  
GTV	  39	  cc	  



Proton	  range	  uncertain*es:	  
Tumor	  mo*on	  and	  shrinkage	  

S.	  Mori,	  G.	  Chen	  

Beam	  stops	  at	  distal	  edge	  

What	  you	  see	  in	  the	  plan…	  

Beam	  overshoot	  

is	  not	  always	  what	  you	  get.	  



Margins	  to	  counteract	  uncertain*es	  

• Margins	  around	  target	  volumes	  lead	  to	  
higher	  dose	  to	  normal	  *ssue	  

•  PTV	  margins	  rely	  on	  “sta*c	  dose	  cloud”	  
assump*on	  –	  not	  always	  jus*fied	  

• Margins	  can	  overlap	  (PTV,	  PRV),	  what	  then?	  
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The	  “sta*c	  dose	  cloud” assump*on	  
–	  ok	  for	  photons,	  not	  for	  protons	  –	  



•  A	  poten*ally	  beDer	  way	  to	  deal	  with	  
uncertain*es:	  

 Robust	  Op*miza*on.	  
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Robust	  Op*miza*on	  –	  Outline	  	  

1.  Uncertain*es,	  mo*on,	  and	  margins	  	  ✓	  
2.  Robust	  op*miza*on	  principles	  

3.  Examples	  of	  applica*on	  
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Robustness	  defini*on	  

•  Robustness	  =	  immunity	  to	  uncertainty	  



Examples:	  	  
non-‐robust	  (Plan	  A)	  and	  robust	  (Plan	  B)	  
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Visualize	  uncertain*es:	  DVH	  bands,	  Trofimov	  2011	  

Price	  of	  robustness!	  



The	  “standard	  model”	  of	  IMRT	  op*miza*on	  

Dose	  is	  a	  linear	  func*on	  of	  
Bixel	  weights	  

These error sources include: target outlining, tumor dose response and normal tissue dose

response. For this reason, current robust planning techniques have focused on geometrical

and dosimetric errors where reasonable error models exist. As the knowledge of the errors

is improved, better models can be advanced for other error sources allowing explicit robust

assessment and improving plan robustness against an increasingly fuller list of the possible

errors.

The first attempt to explicitly consider the robustness of particular treatment plans was

made by Goitein et al where in addition to the nominal dose, two worst case dose scenarios

(over dose and under dose) were calculated. Results of this approach for a range of treatment

sites were then presented by upper and lower bounds for treatment goals such as TCP and

NTCP (Urie et al.). These treatment outcome error bars depend on the treatment site

and on the error model but also on the treatment plan design. This fact motivates the

incorporation of plan robustness into the optimization process. Then the best treatment

plan can be found while keeping the treatment outcome error bars within acceptable limits

and so avoiding those plans which are particularly vulnerable to error. This is the goal of

robust optimization.

2 Robust optimization methods

This section provides a comprehensive introduction to the ideas of robust optimization and

stochastic programming for handling in radiation therapy optimization. We start with the

formulation of the conventional problem to introduce notation (section 2.1), discuss the

modeling of uncertainty (2.2), and then introduce two approaches to incorporate uncertainty

in optimization problems: first, the stochastic programming method (section 2.3) and second,

the worst-case optimization approach (section 2.4). It should be noted that the term robust

optimization refers strictly to techniques following the worst-case optimization approach.

However, in the field of radiation therapy and in this chapter in particular the term is used

more loosely to encompass any method of incorporating uncertainty into the optimization

process.

2.1 The radiation therapy optimization problem

In radiation therapy treatment plan optimization we aim to find a vector of beamlet intensity

x that minimizes an objective function f subject to constraints cm ≥ lm and cm ≤ um.

The objective function together with the constraints are a mathematical characterization

of treatment plan quality. Typically, the objective function f is a function of the dose

distribution d, which in turn depends on the beamlet intensities x through the linear relation

di(x) =
�

j

Dijxj (1)

where i is a voxel index, j is a beamlet index, and Dij is commonly referred to as the dose

influence matrix. Thus, for IMRT treatment planning we have to solve an optimization

2

problem that we can generically formulate as follows:

minimize
x

f(d(x))

subject to

lm ≤ cm(d(x)) ≤ um ∀m
xj ≥ 0 ∀j

(2)

where cm(d(x)) represent dosimetric constraints with upper bounds um and lower bounds lm
(e.g. maximum/minimum doses for organs).

2.2 Uncertainty

In the context of robust optimization for radiation therapy, we assume that the optimization

problem 2 is subject to uncertainty. We can distinguish uncertainty in the realization of the

optimization variables x and uncertainty in other parameters that define the optimization

problem. Uncertainty in x means that the optimized intensity map, in practice, cannot be

delivered with perfect accuracy, e.g. due to limitations of the delivery hardware. Regarding

uncertainty in parameters, we can distinguish uncertainty in the dose influence matrix Dij

and uncertainty in other parameters that define the objective or constraint functions. An

example of the latter is uncertainty in parameters of a model of tumor control (TCP) or

normal tissue complication probability (NTCP) for objectives and constraints based on such

models. Most of the literature, however, deals with uncertainty in the dose influence matrix.

In this case, the treatment goals are well defined via objectives and constraints (which are

a function of the dose distribution), but the realized dose distribution is uncertain. The

primary reason for this is that voxels change their position due to motion: setup errors from

day to day, and intra-fractional motion such as irregular breathing motion. It is important

to note, however, that motion does not necessarily imply uncertainty. For example, there is

no uncertainty associated with perfectly regular breathing motion. Other more dosimetric

reasons for uncertainty in the dose influence matrix include range overshoot or undershoot

in proton therapy, and dose calculation errors. The remainder of this section will consider

uncertainty in the dose influence matrix in a general way, without specifically identifying its

source.

In most applications, a practical implementation of a robust optimization approach requires

the discretization of the error. Although not strictly necessary, we now revert to a discretized

formulation. We assume that a finite, discrete set of possible errors exists that we can

enumerate via an index s. We assume that for each of the error scenarios, we can calculate

an effective dose influence matrix Ds
ij such that the dose distribution ds, which is realized

given the error scenario s occurs, is given by

dsi (x) =
�

j

Ds
ijxj. (3)

3

Objec*ve	  func*on	  

Dosimetric	  constraints:	  

Physical	  constraints:	  
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Robust	  op*miza*on	  =	  	  
robustness	  +	  op*miza*on	  
• We	  want	  to	  make	  a	  treatment	  plan	  as	  good	  
as	  possible	  and	  	  at	  the	  same	  *me	  protect	  it	  
against	  uncertain*es	  
– One	  thing	  is	  clear:	  there	  is	  always	  a	  	  
price	  of	  robustness	  

•  How	  can	  we	  do	  that?	  
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Robust	  plan	  op*miza*on,	  2	  ways:	  

•  Consider	  different	  scenarios	  of	  treatment	  delivery	  
(instances	  of	  geometry	  of	  pa*ent	  posi*ons,	  
mo*on	  trajectories)	  

1.   “Stochas.c	  programming”:	  describe	  
uncertain*es	  with	  random	  variables,	  assume	  
probability	  density	  func*ons	  (pdf),	  and	  op*mize	  
expected	  value	  of	  the	  objec*ve	  func*on	  

2.   The	  worst	  case	  approach	  (mathema*cs,	  Ben-‐Tal,	  
Nemirovski)	  :	  make	  sure	  that	  constraints	  are	  
fulfilled	  in	  all	  scenarios,	  and	  that	  we	  obtain	  the	  
best	  plan	  in	  the	  worst	  case	  



1.	  Stochas*c	  programming	  	  
–	  the	  probabilis*c	  approach	  
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problem that we can generically formulate as follows:

minimize
x

f(d(x))

subject to

lm ≤ cm(d(x)) ≤ um ∀m
xj ≥ 0 ∀j

(2)

where cm(d(x)) represent dosimetric constraints with upper bounds um and lower bounds lm
(e.g. maximum/minimum doses for organs).

2.2 Uncertainty

In the context of robust optimization for radiation therapy, we assume that the optimization

problem 2 is subject to uncertainty. We can distinguish uncertainty in the realization of the

optimization variables x and uncertainty in other parameters that define the optimization

problem. Uncertainty in x means that the optimized intensity map, in practice, cannot be

delivered with perfect accuracy, e.g. due to limitations of the delivery hardware. Regarding

uncertainty in parameters, we can distinguish uncertainty in the dose influence matrix Dij

and uncertainty in other parameters that define the objective or constraint functions. An

example of the latter is uncertainty in parameters of a model of tumor control (TCP) or

normal tissue complication probability (NTCP) for objectives and constraints based on such

models. Most of the literature, however, deals with uncertainty in the dose influence matrix.

In this case, the treatment goals are well defined via objectives and constraints (which are

a function of the dose distribution), but the realized dose distribution is uncertain. The

primary reason for this is that voxels change their position due to motion: setup errors from

day to day, and intra-fractional motion such as irregular breathing motion. It is important

to note, however, that motion does not necessarily imply uncertainty. For example, there is

no uncertainty associated with perfectly regular breathing motion. Other more dosimetric

reasons for uncertainty in the dose influence matrix include range overshoot or undershoot

in proton therapy, and dose calculation errors. The remainder of this section will consider

uncertainty in the dose influence matrix in a general way, without specifically identifying its

source.

In most applications, a practical implementation of a robust optimization approach requires

the discretization of the error. Although not strictly necessary, we now revert to a discretized

formulation. We assume that a finite, discrete set of possible errors exists that we can

enumerate via an index s. We assume that for each of the error scenarios, we can calculate

an effective dose influence matrix Ds
ij such that the dose distribution ds, which is realized

given the error scenario s occurs, is given by

dsi (x) =
�

j

Ds
ijxj. (3)

3

For	  different	  scenarios	  s:	  

probability	  of	  scenario	  s	  

2.3 Stochastic programming - the probabilistic approach

In the stochastic programming approach, a probability distribution is assigned to the un-

certain parameters. The basic idea in stochastic programming is to optimize the expected

value of the objective function f . If we assume for now that no dosimetric hard constraints

c are imposed, the optimization problem to be solved is given by

minimize
x

�f� =
�

s

psf (d
s
(x))

subject to

xj ≥ 0 ∀j .

(4)

where ps is the probability of the occurrence of error scenario s. The objective 4 is a weighted

sum of objective values for every error scenario. Thus we aim at a treatment plan that is

good for every error that can occur, but we assign a higher weight to those errors that are

likely to occur.

For the special case of the quadratic objective function

f(d) =

�

i

(di − d
pres
i )

2
(5)

the expected value of the objective function has an intuitive interpretation. If we write the

expected value of the dose in voxel i as

�di� =
�

s

psd
s
i (6)

the expected value of the objective �f� can be written as

�f� =
�

i

�
(�di� − d

pres
i )

2
+

�

s

ps (d
s
i − �di�)2

�
. (7)

The first term in (7) is the quadratic objective function evaluated for the expectation value

of the dose distribution. The second term in (7) is the variance of the dose in each voxel,

representing a measure of the uncertainty of the dose distribution. Thus, minimizing the

expectation value of the quadratic objective function aims at a treatment plan in which the

expected dose is close to the prescribed dose, and in addition, the variance of the dose is

small such that the expectation value is approximately realized.

2.4 Robust optimization - the worst case approach

In robust optimization, we attempt to solve the so-called robust counterpart of the radiation

therapy optimization problem 2. The robust counter part corresponds to the optimization

problem in which we require that the constraints are satisfied for every realization of the

error. For example, if we consider a maximum dose constraint for an organ at risk (OAR)

di ≤ d
max ∀i ∈ OAR (8)

4



1.	  Stochas*c	  programming	  	  
–	  example:	  quadra*c	  objec*ve	  func*on	  
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Objec*ve	  func*on:	  

Expected	  dose:	  

2.3 Stochastic programming - the probabilistic approach

In the stochastic programming approach, a probability distribution is assigned to the un-

certain parameters. The basic idea in stochastic programming is to optimize the expected

value of the objective function f . If we assume for now that no dosimetric hard constraints

c are imposed, the optimization problem to be solved is given by

minimize
x

�

s

psf (d
s
(x))

subject to

xj ≥ 0 ∀j.

(4)

where ps is the probability of the occurrence of error scenario s. The objective 4 is a weighted

sum of objective values for every error scenario. Thus we aim at a treatment plan that is

good for every error that can occur, but we assign a higher weight to those errors that are

likely to occur.

For the special case of the quadratic objective function

f(d) =

�

i

(di − d
pres
i )

2
(5)

the expected value of the objective function has an intuitive interpretation. If we write the

expected value of the dose in voxel i as

�di� =
�

s

psd
s
i (6)

the expected value of the objective �f� can be written as

�f� =
�

i

�
(�di� − d

pres
i )

2
+

�

s

ps (d
s
i − �di�)2

�
. (7)

The first term in (7) is the quadratic objective function evaluated for the expectation value

of the dose distribution. The second term in (7) is the variance of the dose in each voxel,

representing a measure of the uncertainty of the dose distribution. Thus, minimizing the

expectation value of the quadratic objective function aims at a treatment plan in which the

expected dose is close to the prescribed dose, and in addition, the variance of the dose is

small such that the expectation value is approximately realized.

2.4 Robust optimization - the worst case approach

In robust optimization, we attempt to solve the so-called robust counterpart of the radiation

therapy optimization problem 2. The robust counter part corresponds to the optimization

problem in which we require that the constraints are satisfied for every realization of the

error. For example, if we consider a maximum dose constraint for an organ at risk (OAR)

di ≤ d
max ∀i ∈ OAR (8)

4

Expected	  objec*ve	  func*on	  (to	  be	  minimized):	  

average	  devia*on	  
Accuracy,	  bias	  

Variance	  
Precision	  
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Example:	  setup	  error	  (1D)	  

•  Error	  scenarios	  defined	  by	  shising	  to	  the	  les	  or	  
right	  in	  steps	  of	  1mm.	  	  

•  Random	  error:	  32	  random	  shiss	  (for	  32	  frac*ons)	  
sampled	  from	  a	  Gaussian	  with	  a	  mean	  of	  zero	  and	  
a	  set	  standard	  devia*on	  σRand	  	  

•  Systema.c	  error:	  single	  shis	  with	  standard	  
devia*on	  σSys	  added	  to	  the	  random	  shis	  above	  

•  Objec*ve	  func*on:	  



Example:	  setup	  error	  (1D)	  
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(10	  mm)2	  
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Observa*ons:	  

•  Random	  errors	  require	  smaller	  margins	  than	  
systema*c	  errors	  -‐>	  van	  Herk	  margin	  recipe.	  	  

•  A	  new	  type	  of	  dose	  distribu*on	  emerges	  from	  the	  
probabilis*c	  approach:	  beam	  “horns”	  instead	  of	  
margins.	  	  	  
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Robust	  plan	  op*miza*on,	  2	  ways:	  

•  Consider	  different	  scenarios	  of	  treatment	  delivery	  
(instances	  of	  geometry	  of	  pa*ent	  posi*ons,	  
mo*on	  trajectories)	  

1.   “Stochas.c	  programming”:	  describe	  
uncertain*es	  with	  random	  variables,	  assume	  
probability	  density	  func*ons	  (pdf),	  and	  op*mize	  
expected	  value	  of	  the	  objec*ve	  func*on	  

2.   The	  worst	  case	  approach	  (mathema*cs,	  Ben-‐Tal,	  
Nemirovski)	  :	  make	  sure	  that	  constraints	  are	  
fulfilled	  in	  all	  scenarios,	  and	  that	  we	  obtain	  the	  
best	  plan	  in	  the	  worst	  case	  



2.	  Worst	  case	  approach	  
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problem that we can generically formulate as follows:

minimize
x

f(d(x))

subject to

lm ≤ cm(d(x)) ≤ um ∀m
xj ≥ 0 ∀j

(2)

where cm(d(x)) represent dosimetric constraints with upper bounds um and lower bounds lm
(e.g. maximum/minimum doses for organs).

2.2 Uncertainty

In the context of robust optimization for radiation therapy, we assume that the optimization

problem 2 is subject to uncertainty. We can distinguish uncertainty in the realization of the

optimization variables x and uncertainty in other parameters that define the optimization

problem. Uncertainty in x means that the optimized intensity map, in practice, cannot be

delivered with perfect accuracy, e.g. due to limitations of the delivery hardware. Regarding

uncertainty in parameters, we can distinguish uncertainty in the dose influence matrix Dij

and uncertainty in other parameters that define the objective or constraint functions. An

example of the latter is uncertainty in parameters of a model of tumor control (TCP) or

normal tissue complication probability (NTCP) for objectives and constraints based on such

models. Most of the literature, however, deals with uncertainty in the dose influence matrix.

In this case, the treatment goals are well defined via objectives and constraints (which are

a function of the dose distribution), but the realized dose distribution is uncertain. The

primary reason for this is that voxels change their position due to motion: setup errors from

day to day, and intra-fractional motion such as irregular breathing motion. It is important

to note, however, that motion does not necessarily imply uncertainty. For example, there is

no uncertainty associated with perfectly regular breathing motion. Other more dosimetric

reasons for uncertainty in the dose influence matrix include range overshoot or undershoot

in proton therapy, and dose calculation errors. The remainder of this section will consider

uncertainty in the dose influence matrix in a general way, without specifically identifying its

source.

In most applications, a practical implementation of a robust optimization approach requires

the discretization of the error. Although not strictly necessary, we now revert to a discretized

formulation. We assume that a finite, discrete set of possible errors exists that we can

enumerate via an index s. We assume that for each of the error scenarios, we can calculate

an effective dose influence matrix Ds
ij such that the dose distribution ds, which is realized

given the error scenario s occurs, is given by

dsi (x) =
�

j

Ds
ijxj. (3)

3

For	  different	  scenarios	  s:	  

then robustifying the optimization problem means that this constraint is to be fulfilled for
every realization of the error, i.e.

d
s
i ≤ d

max ∀i ∈ OAR ∀s. (9)

Regarding the objective function, the robust counter part corresponds to solving a so-called
minimax problem in which the maximum value of the objective that can occur for any error
realization is minimized. In other words, we aim at the treatment plan that is as good
as possible for the worst case that can occur. We thus formulate the robust optimization
problem as

minimize
x

�
max

s
f(ds)

�

subject to

lm ≤ cm(d
s(x)) ≤ um ∀m, ∀s

xj ≥ 0 ∀j.

(10)

2.5 Optimization algorithms for robust optimization

We briefly comment on the optimization methods required to solve the stochastic program-
ming problem and the robust counterpart problem. For a small number of scenarios, the
stochastic programming problem as states in section 2.3 does not per se require different
algorithms to solve compared to the conventional IMRT/IMPT problem. In a naive imple-
mentation we can explicitly evaluate the sum over all error scenarios, thus the computation
time will linearly increase with the number of scenarios. This has been done in the IMPT
example described in section 3.3. If the number of error scenarios is very large (as in the
random setup error example and the respiratory motion example below), stochastic gradient
methods can be applied. In this approach, the objective function and it’s gradient are not
evaluated exactly (which would be prohibitively time consuming), but are estimated by ran-
domly sampling a manageable number of error scenarios. The robust counterpart problem of
section 2.4 is typically more difficult to solve and heavily relies on constrained optimization
methods and is an active area of research in the field of operations research.

2.6 Variations and Extensions

The probabilistic approach optimizes the average treatment plan quality but does not nec-
essarily yield a plan that is good for the worst case that can occur. The robust optimization
approach considers the worst case only but does not necessarily lead to good average plan
quality. Generally, combinations of the probabilistic approach and the worst case approach
are possible. For example, the objective can be treated via the probabilistic approach whereas
important dosimetric constraints are enforced for all scenarios (or any subset of the scenar-
ios). If the objective function is a weighted sum of objectives for individual organs, a subset
of the objectives can be handled via the probabilistic method, others by the worst case, and
for some objectives it may be sufficient to consider only the nominal scenario (no error).

Also other formulations of the robustified optimization problem are possible. Exemplarily, we
consider an approach discussed by Chu et al.(2005) that combines aspects of the probabilistic

5



Robust	  Op*miza*on	  –	  Outline	  	  

1.  Uncertain*es,	  mo*on,	  and	  margins	  	  ✓	  
2.  Robust	  op*miza*on	  principles	  	  ✓	  

3.  Examples	  of	  applica*on	  

26	  
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Example	  1:	  Lung,	  breathing	  mo*on	  
Robust	  (worst	  case	  op*miza*on)	  
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Dose	  blurring	  
do

se
	  

posi*on	  

sta*c	  
dose	  
profile	  

mo*on	  blur	  

Target	  (CTV)	  
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De-‐blurring	  with	  IMRT	  -‐>	  “horns”	  
do

se
	  

posi*on	  

sta*c	  
dose	  
profile	  

mo*on	  blur	  

Target	  (CTV)	  
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DVH	  for	  4	  different	  techniques	  

Margin	  
Freeze	  (ga*ng)	  
Tracking	  
De-‐blur	   20%	  reduc*on	  	  

of	  mean	  dose	  to	  
les	  lung	  compared	  
to	  margin	  

Trofimov	  et	  al.,	  Phys	  Med	  Biol.	  50:2779-‐98,	  2005	  



•  Dose	  conformality	  of	  edge-‐enhanced	  IMRT	  
with	  “horns”	  is	  almost	  as	  good	  as	  ga*ng	  or	  
tracking	  

•  Is	  this	  too	  good	  to	  be	  true?	  
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Uncertainty	  model	  for	  de-‐blurring	  method	  

•  PDF	  for	  regular	  
mo*on	  

•  Uncertain	  mo*on	  may	  
lead	  to	  many	  PDFs	  

p	  

Mo*on	  

PDF	  

Displacement	  or	  phase	   Displacement	  or	  phase	  



nominal	  PDF	  	  
p(x)	  

Uncertainty	  set	  –	  PDF	  and	  “error	  bars”	  	  

posi*on	  (phase)	  (x)	  

Tim	  Chan	  et	  al:	  	  Phys	  Med	  Biol	  51:2567	  (2006)	  	  

p(x)	  

p(x)	  

realized	  pdf	  
p(x)	  	  ~	  



What	  is	  the	  worst	  case?	  

•  A	  given	  target	  voxel	  gets	  different	  dose	  
values	  for	  different	  breathing	  phases	  x.	  	  

• Worst	  case	  is	  when	  low	  dose	  values	  are	  
more	  likely	  (p)	  and	  high	  dose	  values	  are	  less	  
likely	  (p).	  	  	  



•  As	  a	  consequence,	  robus*fica*on	  will	  limit	  
spikes	  in	  intensity	  maps	  	  

 improved	  deliverability.	  



Robust	  edge	  enhanced	  intensity	  profile	  

Edge	  enhancement	  
+	  
Margin	  

CTV	  
Intensity	  

T.	  Chan	  et	  al.,	  PMB	  51(2006):2567-‐2583	  	  



Clinical	  lung	  case	  

Reduc*on	  of	  mean	  
lung	  dose	  
15%	  /	  11%	  

Bor4eld,	  Chan,	  Trofimov,	  Tsisiklis,	  OR	  2008	  
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Example	  2:	  Protons,	  range	  uncertain*es	  	  
Stochas*c	  programming	  

spinal cord	

target	
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IMPT	  plan,	  3	  fields	   spinal	  cord	  target	  
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Sensi*vity	  analysis	  
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Stochas*c	  programming	  

Target	  dose	  	  
devia*on	  

Spinal	  cord	  
dose	  

healthy	  	  
*ssue	  dose	  

3	  scenarios:	  
• 	  Scenario	  1:	  	  Nominal	  scenario,	  p1 = 0.5	

• 	  Scenario	  2:	  	  5	  mm	  range	  overshoot,	  p2  = 0.25	

• 	  Scenario	  3:	  	  5	  mm	  range	  undershoot,	  p3  = 0.25	
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Robust	  IMPT	  plan	  
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Sensi*vity	  analysis	  II	  (robust	  plan)	  
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Vision	  for	  the	  future	  

•  No	  (PTV)	  margins	  in	  treatment	  planning	  	  
•  Instead,	  quan*fy	  mo*on	  and	  uncertain*es,	  
and	  let	  the	  planning	  system	  find	  a	  robust	  
solu*on.	  This	  may	  be	  a	  margin-‐like	  solu*on	  
but	  could	  also	  be	  an	  advanced	  intensity-‐
modulated	  solu*on	  (e.g.,	  “horns”).	  



Main	  take-‐home-‐messages:	  

•  Two	  ways	  to	  include	  uncertain*es	  in	  
treatment	  planning:	  	  
1.  stochas*c	  programming	  (op*miza*on	  of	  

expected	  outcome)	  	  

2.  op*mize	  worst	  case	  

•  Robust	  op*miza*on	  can	  lead	  to	  new	  types	  
of	  fault-‐tolerant	  dose	  distribu*ons,	  e.g.	  
beam	  “horns”	  for	  mo*on,	  and	  robust	  
proton	  dose	  distribu*ons.	  

•  There	  is	  always	  a	  price	  of	  robustness.	  
45	  


