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Purpose: To demonstratethe rigorousmathematicalderivationof the Fermi-Eygespartial differential equationfor the pencil beam
solutionand to compare with the original Eygessolution.

Method and Materials: In the radiation therapycommunity, there is a debateabout the solution of the Fermi-Eyges equation
presentedby theoriginal Eygespaper asto whethertheequationsarecorrector not.But nobodyhaspresentedthedetailed solution of
this equation andcompared with theoriginal Eygessolution yet. In this manuscript, we presentthe rigorousmathematical derivation
of theFermi-Eygesequation for the distribution function. Several standardmathematicaltechniquessuchastwo dimensionalFourier
transform, changeof variables by introducingthe transformationfunction,different boundary conditionsanduseof the Jacobeanto
separatethecoupledvariableshavebeenimplementedto calculatetheclosed-form solutionof thedistribution functionfor theelectron
transportof thepencilbeam algorithm. Alsothederivationand thesolution of theFermi-Eygesequationhavebeen comparedwith the
original Eygessolutionat thedifferentcheckpoints.

Results: Examinationof the detailed derivation of the Fermi-Eygespartial differential equation indicatesthat thereis an error in the
equation (14) of theoriginal Eygessolution.

Conclusion: We havedemonstratedthe rigorousderivation for the pencil beamsolution of the Fermi-Eygesequation.In radiation
oncology physics,it’s alwaysimportantto fully understandthetheoretical basis andthelimitationsof thesolutionof theFermi-Eyges
equation becausethis is the only deterministic solution for thepencil beamalgorithmto calculateelectron dosedistribution. And, it’ s
alsoimportantin orderto develop thetheoryfurtherandto applyit successfullyin theclinicalpractice.


